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1. Introduction
We start with a brief description of orientable Poincaré duality groups. A group G is said to be an n-dimensional orien-
table Poincaré duality (PDn) group if its cohomology and homology groups are related as in Poincaré duality for closed,
orientable manifolds of dimension n. It is clear that the fundamental group of a closed, orientable surface of genus  1 is a
PD2 group, the converse is also true by [6].
Let M be a closed, connected, oriented, smooth or topological 4-manifold with fundamental group a PD2 group, then
π1(M) ∼= π1(F ), where F is a closed, oriented aspherical surface, i.e., F  K (π,1). We consider the group of homotopy
classes of homotopy self-equivalences of M , preserving both the given orientation on M and a ﬁxed base point x0 ∈ M . Let
Aut•(M) denote the group of homotopy classes of such homotopy self-equivalences.
Let us ﬁx some notation. The fundamental group π1(M) will be denoted by π , the higher homotopy groups πi(M) will
be denoted by πi . We write Λ for the integral group ring of π . Let B denote the 2-type of M , we may construct B by
adjoining cells of dimension at least 4 to kill the homotopy groups in dimensions  3. The natural map c:M → B is given
by the inclusion of M into B . We will mean homology and cohomology with integral coeﬃcients unless otherwise noted.
In Section 2, we calculate Aut•(M) when M is a spin manifold using the braid constructed by Hambleton and Kreck [15].
In Section 3, we work with non-spin manifolds. When w2(M) = 0 a thickening Aut•(M,w2) of Aut•(M) is deﬁned in [15]
which sits in a short exact sequence of groups
0 H1(M;Z/2) Aut•(M,w2) Aut•(M) 1.
We deﬁne an extension Isom〈w2〉[π,π2, c∗[M]] of Isom[π,π2,kM , sM ], the isometries of the quadratic 2-type of M , deﬁned
by the above authors which detects the homotopy type of an oriented 4-manifold M if π is a ﬁnite group with 4-periodic
cohomology. The main result of the paper is the following theorem.
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1446 M. Pamuk / Topology and its Applications 156 (2009) 1445–1458Theorem A. Let M be a connected, closed, oriented, smooth or topological manifold of dimension 4. If π is a PD2 group, then
Aut•(M,w2) ∼=
(
K H2(M;Z/2)⊕ H3(M;Z/2)
)
 Isom〈w2〉
[
π,π2, c∗[M]
]
where
K H2(M;Z/2) ∼=
{
Z ⊗Λ H2(M˜;Z/2) if w2(M) = 0,
ker(w2 : H2(M;Z/2) → Z/2)) otherwise .
The last part of the paper deals with the classiﬁcation of topological 4-manifolds up to s-cobordism (see Section 4). The
geometric classiﬁcation techniques, surgery and s-cobordism theorem, are not known to hold for PD2 groups, so the most
one can hope to obtain is a classiﬁcation up to s-cobordism. We combine the approach of [15], involving bordism techniques
and the modiﬁed surgery theory of Kreck [18], with the minimal models of Hillman [12] to obtain the following result (we
use the notion of w2-type, which is recalled in Deﬁnition 4.1 below).
Theorem B. Let M1 and M2 be two closed, connected, oriented, topological 4-manifolds with PD2 fundamental group. Suppose that
they have the same Kirby–Siebenmann invariant and w2-type (I) or (II). Then M1 and M2 are s-cobordant if and only if they have
isometric quadratic 2-types.
Theorem B is also stated in [4] (see also [10]), but our proof is primarily based on understanding homotopy self-
equivalences, and this technique may have other applications.
2. Spin case
For simplicity we start with spin manifolds. Throughout this section let M be a spin manifold and ﬁx a lift νM :M →
BSpin of the classifying map for the stable normal bundle of M . The Abelian group ΩSpinn (M), with disjoint union as the
group operation, denotes the singular bordism group of spin manifolds with a reference map to M . We can deﬁne a map
α : Aut•(M) → ΩSpin4 (M) by α( f ) = [M, f ] − [M, id]. By imposing the requirement that the reference maps to M must have
degree zero, we obtain the modiﬁed bordism groups Ω̂Spin4 (M) and Ω̂
Spin
5 (B,M). An element (W , F ) of Ω̂
Spin
5 (B,M) is a
5-dimensional spin manifold with boundary (W , ∂W ), equipped with a reference map F :W → B such that F |∂W factors
through the classifying map c :M → B and that F |∂W : ∂W → M has degree zero. Following [15], we deﬁne H˜(M) as the
bordism group of objects (W , F ) where W is a compact 5-dimensional spin manifold with ∂1W = −M and ∂2W = M , and
F :W → M is a continuous map such that F |∂1W = idM and F |∂2W = f ∈ Aut•(M). Also, let E•(B) denote the space of based
maps B → B which are homotopy equivalences, with base point the identity function and with the compact open topology.
Note that E•(B) is not path connected, in fact π0(E•(B)) = Aut•(B).
To study the group Aut•(M), Hambleton and Kreck [15] constructed a braid of exact sequences
Ω
Spin
5 (M) H˜(M) Aut•(B)
β
Ω
Spin
5 (B) Aut•(M)
α
Ω
Spin
4 (B)
π1(E•(B)) Ω̂Spin5 (B,M)
γ
Ω̂
Spin
4 (M)
that is commutative up to sign, the sub-diagrams are all strictly commutative except for the two composites ending in
Aut•(M), and valid for any closed, oriented, smooth or topological spin 4-manifold.
Remark 2.1. Observe that since cd(π) = 2, the classifying maps from M and B have sections, and so F is a retract of each
of these spaces.
Proposition 2.2. The relevant spin bordism groups of M are given as follows:
Ω
Spin
4 (M)
∼= ΩSpin4 (∗)⊕ H2(M;Z/2)⊕ H3(M;Z/2)⊕ Z,
Ω
Spin
5 (M)
∼= H1(M)⊕ H3(M;Z/2)⊕ Z/2.
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d2 : E2p,q → E2p−2,q+1 is given by the dual of Sq2 if q = 1 or this composed with reduction mod 2 if q = 0 (see [24, p. 751]).
We substitute the values
Ω
Spin
q (∗) = Z,Z/2,Z/2,0,Z,0 for 0 q 5.
For the line p + q = 4, the differential for (p,q) = (4,1) is dual to Sq2 : H2(M;Z/2) → H4(M;Z/2) which is zero, since
M is spin. The differential for (p,q) = (3,1) is zero for Sqi(x) = 0 if i > deg(x). We obtain a ﬁltration
Ω
Spin
4 (∗)⊕ H2
(
M;ΩSpin2 (∗)
)⊆ F3,1 ⊆ ΩSpin4 (M).
We have
0 ΩSpin4 (∗)⊕ H2(M;Z/2) F3,1 H3(M;ΩSpin1 (∗)) 0
and
Y × S1 f ◦pr1 F3,1
gives the splitting of the above short exact sequence, where we consider an embedding f : Y → M of a closed spin 3-
manifold representing a generator of H3(M;Z/2), by Thom Realizability Theorem [2, Theorem 11.16], here S1 is equipped
with the non-trivial spin structure and pr1 denotes projection on the ﬁrst factor. Finally, since Ext(Z,−) = 0, the line
p + q = 4 gives ΩSpin4 (M) ∼= Z ⊕ H2(M;Z/2)⊕ H3(M;Z/2)⊕ Z.
For the line p + q = 5, we have a ﬁltration
H1
(
M;ΩSpin4 (∗)
)⊆ F3,2 ⊆ F4,1 ⊆ ΩSpin5 (M)
and a short exact sequence
0 H1(M) F3,2 H3(M;ΩSpin2 (∗)) 0
again
Y × (S1 × S1) f ◦pr1 F3,2
gives the splitting, where Y is a closed spin 3-manifold and for
0 F3,2 F4,1 H4(M;ΩSpin1 (∗)) 0,
M × S1 pr1 M
gives the splitting. Therefore, ΩSpin5 (M)
∼= H1(M)⊕ H3(M;Z/2)⊕ Z/2. 
In order to calculate the bordism groups of B , we need Hi(B). We use the Serre spectral sequence of the ﬁbration
B˜
p−→ B → K (π,1) whose E2-term is given by E2p,q = Hp(K (π,1); Hq(B˜)), the homology of K (π,1) with local coeﬃcients
in the homology of B˜ . First recall a theorem of Whitehead:
Theorem 2.3. ([25]) Let X be a CW complex and Γ denote the Whitehead’s quadratic functor, then there is a functorial Whitehead
exact sequence
π4( X˜) H4( X˜) Γ (π2( X˜)) π3( X˜) H3( X˜) 0.
Note that we have H4(B˜) ∼= Γ (π2), since πi(B˜) = 0 for i > 3. Since π2 ∼= Z⊕ P where P is a ﬁnitely generated projective
Λ-module [12] and B˜ = K (π2,2), either B˜ = K (Z,2) (if P = 0) or B˜ is homotopy equivalent to the mapping telescope of
the sequence
X0
i0 X1
i1 X2
i2 · · ·
where XN = K (ZN ,2), ZN is the N-fold product of Z, and ik ’s are inclusions of retracts. We then have (see [17, p. 312])
Hn(B˜) ∼= lim→ Hn(Xk),
Hn(B˜;Z/2) ∼= lim← Hn(Xk;Z/2).
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Hi(B) ∼=
⎧⎪⎪⎨
⎪⎪⎩
Z if i = 0,
H2(M) if i = 2,
H1(π1) if i = 1, 3 or 5,
Z ⊗Λ Γ (π2)⊕ Z if i = 4.
Proof. This follows from the fact that Hi(π ; L) = 0 if L is a projective Λ-module and i  1. We have π2 ∼= Z ⊕ P where P
is a projective Λ-module by [12] and Γ (π2) ∼= Z ⊕ Q , where Q is a projective Λ-module by [21]. 
To calculate the bordism groups of B , we also need the third and ﬁfth cohomology groups of B . We omit the proof of
the following lemma.
Lemma 2.5. The third and ﬁfth cohomology groups of B are given as
H3(B) ∼= H1(π ; H2(K (Z,2))) and H5(B) ∼= H1(π ; H4(K (Z,2))).
Proposition 2.6. Let B denote the 2-type of a spin 4-manifold with PD2 fundamental group. We have
Ω
Spin
4 (B) ⊂ Z ⊕ Z/2⊕ H4(B) and ΩSpin5 (B) ⊂ H1(B)⊕ H5(B).
Proof. The differential d2 : E24,1 → E2,22 is the dual of Sq2 : H2(B;Z/2) → H4(B;Z/2). We have the following commutative
diagram
0 H2(F ; H0(B˜;Z/2))
Sq2=0
H2(B;Z/2) p
∗
Sq2
H2(B˜;Z/2)π
Sq2
0
0 H2(F ; H2(B˜;Z/2)) H4(B;Z/2) p
∗
H4(B˜;Z/2)π 0
Now an easy diagram chase shows that
ker
(
Sq2 : H2(B;Z/2) → H4(B;Z/2))∼= H2(F ;Z/2) ∼= Z/2∼= coker(d2 : H4(B;Z/2) → H2(B;Z/2)).
Hence E32,2
∼= Z/2. Let uB : B → F be the classifying map and s : F → B be such that uB ◦ s = id. Consider s ◦ pr1 : F ×
(S1× S1) → B , we use the non-trivial spin structure on S1× S1. Therefore E∞2,2 ∼= Z/2. Recall that d2 : H5(B;Z) → H3(B;Z/2)
is reduction mod 2 composed with the dual of Sq2 : H1(π ; H2(K (Z,2);Z/2)) → H1(π ; H4(K (Z,2);Z/2)) (see Lemma 2.5).
By [22] and [23], this Sq2 is an isomorphism and clearly reduction mod 2 is surjective. Hence the above differential is
surjective onto the H3(B;Z/2). Therefore, on the line p + q = 4, the groups which survive to E∞ are Z in (0,4) position,
Z/2 in (2,2) position, and a subgroup of H4(B) in the (4,0) position.
For the line p + q = 5, we know that Sq2 : H3(B;Z/2) → H5(B;Z/2) is injective, hence its dual
d2 : H5(B;Z/2) → H3(B;Z/2) is surjective, i.e., E∞3,2 = 0. The image of d2 : H6(B) → H4(B;Z/2) is onto the kernel of
d2 : H4(B;Z/2) → H2(B;Z/2) and also the kernel of d2 : H5(B) → H3(B;Z/2) is the kernel of reduction mod 2 (see
[21, Chapter 4]). Therefore, the groups which survive to E∞ are H1(B) in the (1,4) position, and a subgroup of H5(B)
in the (5,0) position. 
Let A be the image of E∞5,0 in Ω
Spin
5 (B). We are going to show that A ⊆ im(π1(E•(B)) → ΩSpin5 (B)). Let xi : S1xi → B
and yi : S1yi → B for i = 1, . . . , g denote the generators of H1(B) ∼= H1(F ) ∼= Z2g . By Proposition 2.4, we have H5(B) ∼=
H1(F ), furthermore by Poincaré duality and the universal coeﬃcient theorem H1(F ) ∼= Hom(H1(F ),Z). A basis for H1(F )
determines a dual basis for Hom(H1(F ),Z), let x∗i be dual to xi and y
∗
i be dual to yi . We are going to construct a map
ϕxi : B × S1 → B which we want to be an adjoint map for an element in π1(E•(B)), i.e.,
ϕxi (b, s0) = b and ϕxi (b0, s) = b0.
The 1-skeleton of B is B(1) ∨gk=1(S1xk ∨ S1yk ). As a ﬁrst step, we attach 2-cells of the form D1xk ×D1 and D1yk ×D1 and deﬁne
ϕxi on S
1
xk
× S1 and S1yk × S1. Since on {b0}× S1 the map should be constant, it factors through S1xk × S1/{b0}× S1 ∼= S1xk ∨ S2xk .
In addition we know that our map is identity on S1xk × {s0}. So the only freedom we have is on S2xk . Recall that π2 ∼= Z ⊕ P
and let σ generate the Z summand. Deﬁne ϕxi on {b} × S2xk as
ϕxi ({b} × S2xk ) =
{
σ if k = i,
∗ if k = i,
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1
yk
× S1) = ∗. By Serre spectral sequence we have the following isomorphisms
H2(B) ∼= H2(π)⊕ H0
(
π, H2(B˜)
)∼= H2(π)⊕ Z ⊕ H0(π, P ).
We remark that σ∗[S2] ∈ H2(B), which for notational ease we will again denote by σ , generates the Z summand and we
have
(ϕxi )∗ : H2
(
B × S1)→ H2(B) with (ϕxi )∗(xi ⊗ z) = σ
where z denotes the generator of H1(S1). We are going to attach 3-cells of the form D2t × D1, where D2t represents a 2-cell
of B with attaching map ψt : S1t → B(1) . Note that S2 = ∂(D2t × D1) = S1t × D1 ∪ D2t × {0,1}. If a 2-cell of B is attached
nullhomotopically, then ϕxi ◦ ψt |∂(D2t ×D1) = 0 ∈ π2(B). There should be only one 2-cell D2t0 of B which is not attached
nullhomotopically. We need to consider only D2t0 × D1 where D2t0 is attached along the loop given by the product of the
commutators of the generators, [x1, y1] . . . [xg, yg]. We are going to show that [ϕxi ◦ψt0 ] = 0 ∈ π2(B). To start with we have
ψt0
(
S2
)= ((S1x1 ∨ S1y1)∨ (−S1x1 ∨ −S1y1)∨ · · · ∨ (S1xg ∨ S1yg )∨ (−S1xg ∨ −S1yg ))× S1 ∪Φt(D2t )
where (−) denotes the opposite orientation and Φt : D2t → B is the characteristic map. Then ϕxi ◦ ψt0 (S2) =
ϕxi ((S
1
xi ∨ −S1xi )) × S1 ∪ Φt(D2t ) ≡ S1xi ∨ σ − S1xi ∨ σ ≡ σ − σ = 0 ∈ π2(B). So ϕxi extends over 3-cells. Since πi(B) = 0
for i  3, there are no more obstructions to extend ϕxi to B × S1. To use cup products we will pass to cohomology. We will
ﬁrst consider the map
ϕ∗xi : H
1(B) → H1(B × S1)∼= H1(B)⊕ H1(S1)
which is given by ϕ∗xi (α) = α for any α ∈ H1(B), i.e., ϕxi is projection to the ﬁrst component in this dimension. Also we will
consider
ϕ∗xi : H
2(B) → H2(B × S1)∼= H2(B)⊕ H1(B)⊗ H1(S1).
By Serre spectral sequence H2(B) ∼= H2(π) ⊕ H0(π ; H2(B˜)) ∼= H2(π) ⊕ H2(B˜)π ∼= H2(π) ⊕ Hom(H2(B˜),Z)π ∼=
H2(π) ⊕ Homπ (Z ⊕ P ,Z) ∼= H2(π) ⊕ Z ⊕ Homπ (P ,Z). We have σ ∗ dual to σ which generates the Z summand in H2(B).
Also let z∗ denote the dual cohomology class in H1(S1). Then we have ϕ∗xi (σ
∗) = σ ∗ + x∗i ⊗ z∗ . Now, take y∗i ∈ H1(B) and
consider y∗i ∪ (σ ∗)2 ∈ H5(B) ∼= H1(π ; H4(B˜)). We have
ϕ∗xi
(
y∗i ∪ (σ ∗)2
)= y∗i ∪ (σ ∗ + x∗i ⊗ z∗)2 = y∗i ∪ (σ ∗)2 + 2x∗i ∪ y∗i ∪ σ ∗ ⊗ z∗.
Summarizing we have
H5(B)
p2◦ϕ∗xi
H4(B)⊗ H1(S1) c∗⊗id H4(M)⊗ H1(S1)
y∗i ∪ (σ ∗)2 (2x∗i ∪ y∗i ∪ σ ∗)⊗ z∗ M∗ ⊗ z∗
Now if we dualize back to homology
H4(M)⊗ H1(S1) c∗⊗id H4(B)⊗ H1(S1)
(ϕxi )∗ H5(B)
we see that (ϕxi )∗(c∗[M] ⊗ [S1]) = 2xi ⊗ (σ ⊗ σ) ≡ 2xi .
By the exactness of the braid A is mapped injectively into Ω̂Spin5 (B,M) and we are going to identify A with its image in
Ω̂
Spin
5 (B,M). By the commutativity of the braid, im(π1(E•(B)) → Ω̂Spin5 (B,M)) = A. Furthermore, again by the exactness of
the braid we have γ (A) = id ∈ Aut•(M) and ker(Ω̂Spin5 (B,M) → Ω̂Spin4 (M)) = A.
Corollary 2.7. The quotient group Ω̂Spin5 (B,M)/A is isomorphic to the direct sum
Z ⊗Λ H2(M˜;Z/2)⊕ H3(M;Z/2)
and it injects into Aut•(M). The image of α is equal to Z ⊗Λ H2(M˜;Z/2)⊕ H3(M;Z/2).
Proof. The map ΩSpin5 (M)
c ◦−−−−→ ΩSpin5 (B) sends H1(M) isomorphically and H3(M;Z/2)⊕ H4(M;Z/2) to zero. Therefore
Ω̂
Spin
5 (B,M)/A
∼= ker(Ω̂Spin4 (M) → ΩSpin4 (B))∼= Z ⊗Λ H2(M˜;Z/2)⊕ H3(M;Z/2).
The map π1(E•(B)) → Ω̂Spin5 (B,M)/A is zero by the commutativity and the exactness of the braid, since the map
Ω̂
Spin
(B,M)/A → Ω̂Spin(M) is injective. Therefore γ : Ω̂Spin(B,M)/A → Aut•(M) is injective.5 4 5
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sends a spin 4-manifold to its signature. The signature is preserved by a homotopy equivalence, it follows that
α( f ) ∈ H2(M;Z/2) ⊕ H3(M;Z/2). Moreover f induces identity on H2(π ;Z/2) ∼= Z/2, so we have imα ⊆
Z ⊗Λ H2(M˜;Z/2) ⊕ H3(M;Z/2). On the other hand since, the maps Ω̂Spin5 (B,M)/A → Ω̂Spin4 (M) and γ are injective
Z ⊗Λ H2(M˜;Z/2) ⊕ H3(M;Z/2) ⊆ imα, by the commutativity of the braid. Therefore imα = Z ⊗Λ H2(M˜;Z/2) ⊕
H3(M;Z/2). 
Next, we look for a relation between c∗[M] and the equivariant cohomology intersection pairing sM . Let Her(H2(B;Λ))
be the group of Hermitian pairings on H2(B;Λ). Deﬁne a natural map F : H4(B) → Her(H2(B;Λ)) by (see [3])
F (x)(u, v) = u(x∩ v) = (u ∪ v)(x).
The construction of F applied to M yields sM and F (c∗[M]) = sM by the naturality. In other words we have a commutative
diagram
H2(B;Λ)× H2(B;Λ) F (c∗[M])
∼=c∗×c∗
Λ
H2(M;Λ)× H2(M;Λ) H2(M;Λ)× H2(M;Λ)
sM
Remark 2.8. By universal coeﬃcient spectral sequence, we have an exact sequence
0 H2(π ;Λ) H2(M;Λ) ev HomΛ(π2,Λ) 0
and the cohomology intersection pairing is deﬁned by sM(u, v) = ev(v)(P D(u)) for all u, v ∈ H2(M;Λ) where P D is the
Poincaré duality isomorphism. Since sM(u, v) = 0 for all u ∈ H2(M;Λ) and v ∈ H2(π ;Λ), the pairing sM induces a nonsin-
gular pairing
s′M : H2(M;Λ)/H2(π ;Λ)× H2(M;Λ)/H2(π ;Λ) → Λ.
Following [1], let us denote by P2(π), the class of all oriented 4-dimensional Poincaré complexes X for which there is
an isomorphism π ∼= π1(X).
Theorem 2.9. ([3]) Let Mi ∈ P2(π), i = 1,2, and let ci :Mi → B be 3-equivalences over a 2-stage Postnikov system B. Then M1 and
M2 have the same intersection pairing over Λ if and only if F ((c1)∗[M1]) = F ((c2)∗[M2]).
Therefore any φ ∈ Aut•(B) which preserves c∗[M], also preserves sM . Let us deﬁne
Isom
[
π,π2, c∗[M]
] := {φ ∈ Aut•(B) ∣∣ (φ)∗(c∗[M])= c∗[M]}.
Lemma 2.10. The kernel of β , ker(β) := β−1(0) is equal to Isom[π,π2, c∗[M]].
Proof. For any φ ∈ Aut•(B), we have β(φ) := [M, φ ◦ c] − [M, c]. The natural map ΩSpin4 (B) → H4(B) sends a bordism
element to the image of its fundamental class. The image of β(φ) in H4(B) is zero when φ∗(c∗[M]) = c∗[M], so ker(β) ⊆
Isom[π,π2, c∗[M]]. The other inclusion is also easy to see. 
Corollary 2.11. The images of Aut•(M) or H˜(M) in Aut•(B) are precisely equal to Isom[π,π2, c∗[M]].
Proof. For each [ f ] ∈ Aut•(M), there exists a base-point preserving self-equivalence φ f such that c ◦ f = φ f ◦ c. Hence φ f
will satisfy the following
(φ f )∗
(
c∗[M]
)= (φ f ◦ c)∗[M] = (c ◦ f )∗[M] = c∗[M]
since the fundamental class in H4(M) is preserved by an orientation preserving homotopy equivalence. The other inclusion
follows from [13, Lemma 1.3].
The result for the image of H˜(M) follows by the exactness of the braid and the fact that ker(β) = Isom[π,π2, c∗[M]]. 
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Spin
5 (B,M) by A, which we can do by the
commutativity and the exactness of the braid. Here are the relevant terms of our braid diagram:
H1(M)⊕ Z/2⊕ Z/2 H˜(M) Isom[π,π2, c∗[M]]
0
H1(M)
0
Aut•(M)
α
Z/2
π1(E•(B)) 0
Z ⊗Λ H2(M˜;Z/2)⊕
H3(M;Z/2)
γ
H2(M;Z/2)⊕
H3(M;Z/2)
Theorem 2.12. Let M be a connected, closed, oriented smooth or topological spin manifold of dimension 4. If π := π1(M) is a PD2
group, then
Aut•(M) ∼=
(
Z ⊗Λ H2(M˜;Z/2)⊕ H3(M;Z/2)
)
 Isom
[
π,π2, c∗[M]
]
.
Proof. Let K1 := ker(H˜(M) → Isom[π,π2, c∗[M]]), then
Isom
[
π,π2, c∗[M]
]∼= H˜(M)/K1.
By the exactness and the commutativity of the braid we have
K1 ∼= im
(
Ω
Spin
5 (B) → H˜(M)
)
and it maps to 1 ∈ Aut•(M) by the commutativity of the braid. This gives the splitting of the short exact sequence
0→ K2 → Aut•(M) → Isom
[
π,π2, c∗[M]
]→ 1
where K2 := ker(Aut•(M) → Aut•(B)). It follows that
Aut•(M) ∼= K2  Isom
[
π,π2, c∗[M]
]
with the conjugation action of Isom[π,π2, c∗[M]] on the normal subgroup K2 deﬁning the semi-direct product structure.
The braid diagram shows that the map γ is an injective homomorphism. To see this, it is enough to show that α is
a homomorphism on the image of γ . Let γ (W , F ) = f and γ (W ′, F ′) = g . Recall that α( f ◦ g) = α( f ) + f∗(α(g)). We
have to show that f∗(α(g)) = α(g). By Corollary 2.7, α(g) ∈ Z ⊗Λ H2(M˜;Z/2) ⊕ H3(M;Z/2). Any element f in the image
of γ is trivial in Aut•(B), i.e., the image φ f = idB and c ◦ f = c. Since c∗ : H2(M;Z/2) → H2(B;Z/2) is an isomorphism,
f acts as the identity on H2(M;Z/2), so it also acts as identity on Z ⊗Λ H2(M˜;Z/2) ⊂ H2(B;Z/2). Moreover since c
induces isomorphism on H1(M;Z/2) f also acts as identity on H3(M;Z/2). Now a diagram chase shows that γ is a
homomorphism. Therefore we have a short exact sequence of groups and homomorphisms
0→ (Z ⊗Λ H2(M˜;Z/2))⊕ H3(M;Z/2) → Aut•(M) → Isom[π,π2, c∗[M]]→ 1.
Also we have K2 = imγ [15, Corollary 2.13] and K2 is mapped isomorphically onto Z ⊗Λ H2(M˜;Z/2)⊕ H3(M;Z/2) by the
map α.
The conjugation action on K2 agrees with the induced action on homology under the identiﬁcation K2 ∼= Z ⊗Λ
H2(M˜;Z/2)⊕ H3(M;Z/2) via α. It follows that
Aut•(M) ∼=
(
Z ⊗Λ H2(M˜;Z/2)⊕ H3(M;Z/2)
)
 Isom
[
π,π2, c∗[M]
]
. 
Remark 2.13. Let η : S3 → S2 be the Hopf map. For any α : S2 → M the following composition is a homotopy self-equivalence
of M (see [19, Theorem 5.5]).
M
pinch
M ∨ S4 id∨η
2
M ∨ S2 id∨α M .
Note that this homotopy equivalence depends only on the image of α in π2 ⊗Λ Z/2 ∼= Z ⊗Λ H2(M˜;Z/2). To realize
H3(M;Z/2) as homotopy equivalences, ﬁrst observe that
H (M˜) ∼= H (M;Λ) ∼= H1(M;Λ) ∼= H1(π ;Λ) ∼= H1(F ;Λ) ∼= H (F ;Λ) ∼= 0.3 3 1
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H3(M;Z/2) ∼= H1(M;Z/2) ∼= H1(F ;Z/2) ∼=
[
F ,RP∞
]∼= [F ,RP3]∼= [F , SO(3)].
We can represent any α ∈ H3(M;Z/2) as α : F → SO(3). Deﬁne a self-equivalence ϕ as
ϕ : F × S2 → F × S2 such that ϕ(x, y) = (x,α(x)y).
By [12, Theorem 11] we have a homotopy self-equivalence f of M such that h ◦ f = ϕ ◦ h.
3. Non-spin case
When w2 = w2(M) = 0, we will modify the bordism groups. The class w2 gives a ﬁbration and we can form the pullback
B〈w2〉 j
ξ
B
w2
BSO
w K (Z/2,2)
where w pulls back the second Stiefel–Whitney class for the universal oriented vector bundle over BSO (B〈w2〉 is called
the normal 2-type of M). Let Ω∗(B〈w2〉) be bordism classes of smooth manifolds equipped with a lift of the stable normal
bundle to B〈w2〉 (for topological manifolds replace BSO by BSTOP). The spectral sequence used to compute Ω∗(B〈w2〉) has
the same E2-term as the one used above for w2 = 0, but the differentials are twisted by w2. In particular, d2 is the dual of
Sq2w , where Sq
2
w(x) := Sq2(x)+ x∪w2 (see [24, Section 2]). Similarly, there is a corresponding non-spin version of ΩSpin∗ (M),
namely Ω∗(M〈w2〉). We choose a particular representative for the map w2 such that w2 = w ◦ νM .
Next we give the deﬁnition of Aut•(M,w2), which is a thickened version of Aut•(M) for the non-spin case.
Deﬁnition 3.1. ([15]) Let Aut•(M,w2) denote the set of equivalence classes of maps fˆ :M → M〈w2〉 such that (i) f := j ◦ fˆ
is a base-point and orientation preserving homotopy equivalence, and (ii) ξ ◦ fˆ = νM . Two such maps fˆ and gˆ are equivalent
if there exists a homotopy hˆ :M × I → M〈w2〉 such that h := j ◦ hˆ is a base-point preserving homotopy between f and g ,
and ξ ◦ hˆ = νM ◦ pr1.
Given two maps fˆ , gˆ ∈ M〈w2〉 we deﬁne
fˆ • gˆ :M → M〈w2〉
as the unique map from M into the pull-back M〈w2〉 deﬁned by the pair f ◦ g :M → M and νM :M → BSO. It was proved
in [15] that Aut•(M,w2) is a group under this operation and there is a short exact sequence of groups
0 H1(M;Z/2) Aut•(M,w2) Aut•(M) 1.
To deﬁne an analogous group Aut•(B,w2) of self-equivalences, we should ﬁrst state the following lemma from
[15, Lemma 3.8].
Lemma 3.2. Given a base-point preserving map f :M → B, there is a unique extension (up to base-point preserving homotopy)
φ f : B → B such that φ f ◦ c = f . If f is a 3-equivalence then φ f is a homotopy equivalence. Moreover, if w2 ◦ f = w2 , then
w2 ◦ φ f = w2 .
Deﬁnition 3.3. ([15]) Let Aut•(B,w2) denote the set of equivalence classes of maps fˆ :M → B〈w2〉 such that (i) f := j ◦ fˆ
is a base-point preserving 3-equivalence, and (ii) ξ ◦ fˆ = νM .
Theorem 3.4. ([15]) Let M be a closed, oriented smooth or topological 4-manifold. Then there is a sign-commutative diagram of exact
sequences
Ω5(M〈w2〉) H˜(M,w2) Aut•(B,w2)
β
Ω5(B〈w2〉) Aut•(M,w2)
α
Ω4(B〈w2〉)
π1(E•(B,w2)) Ω̂5(B〈w2〉,M〈w2〉)
γ
Ω̂4(M〈w2〉)
such that the two composites ending in Aut•(M,w2) agree up to inversion, and the other sub-diagrams are strictly commutative.
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Ω4
(
M〈w2〉
)∼= Z ⊕ H2(M;Z/2)⊕ H3(M;Z/2)⊕ Z,
Ω5
(
M〈w2〉
)∼= H1(M)⊕ H3(M;Z/2)⊕ Z/2,
Ω4
(
B〈w2〉
)⊂ Z ⊕ Z/2⊕ H4(B),
Ω5
(
B〈w2〉
)⊂ H1(B)⊕ H5(B).
Proof. Orientability of M implies that Sq2w = 0. Hence, for M〈w2〉 everything works exactly the same as in the spin case.
For the calculations of Ω4(B〈w2〉), we have coker(d2 : H4(B;Z/2) → H2(B;Z/2)) ∼= Z/2 and d2 : H5(B) → H3(B;Z/2) is
surjective.
For Ω5(B〈w2〉), the image of the differential d2 : H6(B) → H4(B;Z/2) is onto the kernel of d2 : H4(B;Z/2) → H2(B;Z/2).
The differential d2 : E25,1 → E23,2 is the dual of Sq2w : H3(B;Z/2) → H5(B;Z/2) which is an isomorphism and so its dual is
also an isomorphism (for details see [21, Proposition 3.5]). 
Let A denote the remaining subgroup of H5(B). Recall the maps ϕxi : B × S1 → B we constructed in the spin case. Since
ϕxi (−, s) is homotopic to the identity for each s ∈ S1, ϕxi will preserve w2 and hence (ϕxi ◦ (c × id), νM ◦ p1) :M × S1 →
B〈w2〉 is an element of Ω5(B〈w2〉). Therefore A ⊂ im(π1(E•(B,w2)) → Ω5(B〈w2〉)). As in the spin case, we are going to
identify A with its image in Ω̂5(B〈w2〉,M〈w2〉).
Corollary 3.6. The quotient group Ω̂5(B〈w2〉,M〈w2〉)/A is isomorphic to
K H2(M;Z/2)⊕ H3(M;Z/2)
where K H2(M;Z/2) is the kernel of w2 and it injects into Aut•(M,w2). Moreover the image of α is equal to K H2(M;Z/2) ⊕
H3(M;Z/2).
Proof. The homomorphism Ω5(M〈w2〉) → Ω5(B〈w2〉) is onto H1(B) ⊂ Ω5(B〈w2〉), so by the exactness of the braid we
have
Ω̂5
(
B〈w2〉,M〈w2〉
)
/A ∼= ker(Ω̂4(M〈w2〉)→ Ω4(B〈w2〉))
∼= K H2(M;Z/2)⊕ H3(M;Z/2).
By the commutativity and the exactness of the braid γ (A) = îd ∈ Aut•(M,w2) and γ : Ω̂5(B〈w2〉,M〈w2〉)/A → Aut•(M,w2)
is injective.
The natural map Ω̂4(M〈w2〉) → H0(M) sends a 4-manifold to its signature which is preserved by a homotopy equiva-
lence. Also since the class w2 ∈ H2(M;Z/2) is a characteristic element for the cup product form (mod 2), it is preserved by
the induced map of a self-homotopy equivalence of M . Therefore, the image of Aut•(M) in Ω4(M〈w2〉) lies in the subgroup
K H2(M;Z/2)⊕ H3(M;Z/2). The other inclusion follows as in the proof of Corollary 2.7. 
In [21, Chapter 3] we deﬁned a homomorphism
jˆ : Aut•(B,w2) → Aut•(B) by jˆ( fˆ ) = φ f
where φ f : B → B is the unique homotopy equivalence with φ f ◦ c  f . Let
Isom〈w2〉
[
π,π2, c∗[M]
] := { fˆ ∈ Aut•(B,w2) ∣∣ φ f ∈ Isom[π,π2, c∗[M]]}.
Lemma 3.7. ([21]) There is a short exact sequence of groups
0 H1(M;Z/2) Isom〈w2〉[π,π2, c∗[M]] jˆ Isom[π,π2, c∗[M]] 1
Lemma 3.8. The kernel of β , ker(β) := β−1(0) is equal to Isom〈w2〉[π,π2, c∗[M]].
Proof. The map β : Aut•(B,w2) → Ω4(B〈w2〉) is deﬁned by β( fˆ ) = [M, fˆ ]−[M, cˆ ] in the non-spin case. Let fˆ ∈ Aut•(B,w2)
and suppose ﬁrst that fˆ ∈ kerβ , then ( j ◦ fˆ )∗[M] = c∗[M]. But since ( j ◦ fˆ ) is a 3-equivalence, there exists φ ∈ Aut•(B) with
φ ◦ c = j ◦ fˆ . So, φ∗(c∗[M]) = c∗[M] which means jˆ( fˆ ) = φ ∈ Isom[π,π2, sM ]. Therefore ker(β) ⊆ Isom〈w2〉[π,π2, sM ]. To see
the other inclusion note that
coker
(
d2 : H4(B;Z/2) → H2(B;Z/2)
)∼= 〈w2〉
and the class w2 is preserved by a self-homotopy equivalence. 
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Proof. Let fˆ ∈ Aut•(M,w2) and φ fˆ denote the image of fˆ in Aut•(B,w2). Then jˆ(φ fˆ ) = φ f satisﬁes φ f ◦ c = c ◦ f and
φ f preserves c∗[M]. Hence φ f ∈ Isom[π,π2, c∗[M]]. Now suppose that φ ∈ Isom[π,π2, c∗[M]], then by [13, Lemma 1.3]
there exists f ∈ Aut•(M) such that φ ◦ f  c ◦ f . We may assume that fˆ = ( f , νM) ∈ Aut•(M,w2) [15, Lemma 3.1]. Let
φ fˆ ∈ Aut•(B,w2) denotes the image of fˆ , we have jˆ(φ fˆ ) = φ.
The result about the image of H˜(M,w2) follows from the exactness of the braid [15, Lemma 2.7] and the fact that
ker(β) = Isom〈w2〉[π,π2, c∗[M]]. 
Before we put the pieces together on our braid, we will divide out Ω5(B〈w2〉) and Ω̂5(B〈w2〉,M〈w2〉) by A. The relevant
terms on our braid are now:
H1(M)⊕ H3(M;Z/2)⊕ Z/2 H˜(M,w2) Isom〈w2〉[π,π2, c∗[M]]
0
H1(M)
0
Aut•(M,w2)
α
0
π1(E•(B))
0
K H2(M;Z/2)⊕
H3(M;Z/2)
γ
∼=
K H2(M;Z/2)⊕
H3(M;Z/2)
Before we start the proof of Theorem A let us note that there is a conjugation action of Isom〈w2〉[π,π2, c∗[M]] on the
normal subgroup K̂2 := ker(Aut•(M,w2) → Aut•(B,w2)).
Proof of Theorem A. We have a split short exact sequence
0 K̂2 Aut•(M,w2) Isom〈w2〉[π,π2, c∗[M]] 1 .
Any element fˆ will act as identity on im(α) = K H2(M;Z/2) ⊕ H3(M;Z/2), so λ is a homomorphism. Also K̂2 ∼=
K H2(M;Z/2)⊕ H3(M;Z/2) and the rest of the proof follows as in the spin case. 
4. S-cobordism
For this section let M be a closed, connected, oriented, topological 4-manifold with PD2 fundamental group π . Let
uM :M → K (π,1) denote the classifying map. Recall that σ(M), the signature of M , is determined via the integer valued
intersection form sZM on H2(M). If uM has the property that 0= (uM)∗[M] ∈ H4(π ;Z), then σ(M) is equal to the signature
of the form sM ⊗Λ Z (see [16, Remark 4.2]). Therefore when π is a PD2 group, the signature of M is determined by the
formula
σ(M) = σ (sZM)= σ(sM ⊗Λ Z).
Next we recall the following deﬁnition given in [14].
Deﬁnition 4.1. We say that a manifold M has w2-type (I), (II), or (III) if one of the following holds:
(I) w2(M˜) = 0,
(II) w2(M) = 0, or
(III) w2(M) = 0 and w2(M˜) = 0.
Finally, note that the Whitehead group Wh(π) is trivial whenever π ∼= π1(F ), where F is a closed aspherical surface [7].
Proof of Theorem B. If M1 and M2 are s-cobordant, then they are homotopy equivalent and hence they have isometric
quadratic 2-types.
Suppose now that the quadratic 2-types are isometric. We know that oriented topological bordism group over K (π,1) is
ΩSTOP
(
K (π,1)
)∼= ΩSTOP(∗) ∼= Z ⊕ Z/24 4
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On the other hand, in the type (II) case we have
ΩTOPSPIN4
(
K (π,1)
)∼= Z ⊕ H2(π ;Z/2).
The invariants are signature and an invariant in H2(π ;Z/2) ∼= Z/2. We have M1 and M2 with the same signature, so to
be bordant over K (π,1) they should also have the same invariant in H2(π ;Z/2). Let us investigate this bordism invariant.
First, we deﬁne a degree-1 normal map
ϕ′ : F × (S1 × S1)→ F × S2
by collapsing S1 ∨ S1 ⊂ S1 × S1. Then by low dimensional surgery we replace ϕ′ by a 2-connected map ϕ :N → F × S2. By
[5, Theorem 3.10], [N,ϕ] − [F × S2, id] maps to the non-zero element
kervaire2(ϕ)∩ [F × S2] ∈ E∞2,2 = H2(F × S2;ΩSpin2 (∗))∼= Z/2
where kervaire2(ϕ) ∈ H2(F × S2;Z/2) is the codimension-2 Kervaire invariant. Now the bordism class
[N,pr1 ◦ϕ] − [F × S2,pr1] maps to
ς := (pr1)∗
(
kervaire2(ϕ)∩ [F × S2])
which is the generator of E∞2,2 = H2(F ;ΩSpin2 (∗)) ∼= H2(π ;Z/2). If M1 and M2 do not map to the same element in
H2(π ;Z/2), then we would have
[M1] = [NrE8] and [M2] =
[
F × S2rE8
]
over K (π,1). Next we consider the restriction of the surgery assembly map
κ2 : H2(π ;Z/2) → L4(Λ)
which is injective (see [5, Corollary 1.5]). By the characteristic class formula [5, Proposition 3.6] κ2(ς) is the surgery ob-
struction of ϕ , and the kernel form is just the reduced intersection form s†N of N which is non-trivial. On the other hand
the equivariant intersection form of F × S2 is trivial. Therefore NrE8 and F × S2rE8 map to different elements of L4(Λ).
This is a contradiction since M1 and M2 have isomorphic equivariant intersection forms.
Therefore M1 and M2 represent the same class in H2(π ;Z/2). Hence we have a cobordism V between M1 and M2 over
K (π,1), which is a spin cobordism in the type (II) case. We may view V as (see [8])
V = M1 × [0,1] ∪ {2− handles} ∪ {3− handles} ∪ M2 × [−1,0].
Let V3/2 be the ascending cobordism that contains just M1 and all 2-handles and M3/2 be its 4-dimensional upper boundary.
Since M1 and M˜1 are spin at the same time, we can assume that there are no S2 ×˜ S2-terms are present in M3/2: In the
type (I) case, we have M1S2 × S2 ≈ M1S2 ×˜ S2 (see [9, Proposition 5.2.4]) and in the type (II) case we can chose V
to be spin. From the lower half of V , M3/2 ≈ M1m1(S2 × S2), while from the upper half, M3/2 ≈ M2m2(S2 × S2). Since
rank(H2(M1)) = rank(H2(M2)), it follows that m =m1 =m2. Hence we have a homeomorphism
ζ :M2m(S2 × S2) ≈ M1m(S2 × S2) .
Since M1 and M2 have isometric quadratic 2-types, we have
χ :π1(M1) → π1(M2) and ψ :π2(M1) → π2(M2)
a pair of isomorphisms such that ψ(gx) = χ(g)ψ(x) for all g ∈ π , x ∈ π2(M1) and preserving the intersection form, i.e.,
sM2
(
ψ(x),ψ(y)
)= χ∗(sM1 (x, y)).
There exists a homotopy equivalence θ : B(M1) → B(M2) such that θ(sM1 ) = sM2 and we have the following commutative
diagram
π2(M1)
π2(c1)
ψ
π2(B(M1))
π2(θ)
π2(M2) π2(c2)
π2(B(M2))
Now let M := M1m(S2 × S2) and M ′ := M2m(S2 × S2) with the following quadratic 2-types,
[π,π2, sM ] :=
[
π1(M1),π2(M1)⊕Λ2m, sM1 ⊕ H
(
Λm
)]
and [
π1(M2),π2(M2)⊕Λ2m, sM2 ⊕ H
(
Λm
)]
,
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π1(ζ ) ◦χ,π2(ζ ) ◦ (ψ ⊕ id)
)
is an element in Isom[π,π2, sM ]. Let B = B(M) denote the 2-type of M . We have an exact sequence of the form [20]
0 H2(π ;π2) Aut•(B) (π1,π2) Isom[π,π2] 1.
Therefore we can ﬁnd a φ ∈ Aut•(B) such that
π1(φ) = π1(ζ ) ◦χ and π2(φ) = π2(ζ ) ◦ (ψ ⊕ id).
Note that the homotopy self-equivalence φ preserves the intersection form sM , so φ ∈ Isom[π,π2, sM ]. For π a PD2 group,
on the braid we see Isom〈w2〉[π,π2, c∗[M]]. To use the braid, we need to construct a self-homotopy equivalence of B which
preserves c∗[M].
Hillman [12] constructed a 2-connected degree-1 map gM :M → Z where Z is a PD4 complex with π2(Z) ∼= Z and
ker(π2(gM)) = P (he calls Z as the strongly minimal model for M). We may assume that π2(gM) corresponds projection to
the second factor and cZ ◦ gM = g ◦ c for some 2-connected map g : B → B(Z). The map g is a ﬁbration with ﬁbre K (P ,2),
and the inclusion of Z into π2(M2) determines a section s for g . After composing φ with a self-homotopy equivalence of B
if necessary we may assume that g ◦ φ = g .
Let L := Lπ (P ,2) be the space with algebraic 2-type [π, P ,0] and universal covering space L˜  K (P ,2). We may con-
struct L by adjoining 3-cells to M to kill the kernel of the projection from π2 to P and then adjoining higher dimensional
cells to kill the higher homotopy groups. The splitting π2 ∼= P ⊕ Z also determines a projection q : B → L. Summarizing we
have the diagram below with a commutative square
M
gM
c
Z
cZ
L˜ B
g
B(Z)
s
To begin with we have the following isomorphisms
H4(B) ∼= Γ (π2)⊗Λ Z ⊕ H2(π ;π2) ∼= Γ (Z ⊕ P )⊗Λ Z ⊕ H2(π)
∼= (Γ (Z)⊕ Γ (P )⊕ Z ⊗ P)⊗Λ Z ⊕ H2(π)
∼= Γ (P )⊗Λ Z ⊕ Γ (Z)⊗Λ Z ⊕ H2(π)⊕ (Z ⊗ P )⊗Λ Z
∼= H4(L)s ⊕ H4
(
B(Z)
)⊕ P ⊗Λ Z.
We start with projecting φ∗(c∗[M]) and c∗[M] to H4(L) ∼= Γ (P )⊗Λ Z. Recall that we have a nonsingular pairing
s′M : H2(M;Λ)/H2(π ;Λ)× H2(M;Λ)/H2(π ;Λ) → Λ.
If we further restrict s′M to HomΛ(P ,Λ) ∼= H2(L;Λ)/H2(π ;Λ), we get a Hermitian pairing s′′M ∈ Her(P ). Therefore, we have
the following commutative diagram
H4(B)
q∗
F
Her(H2(B;Λ))
q
Γ (P )⊗Λ Z ∼= Her(P )
The bottom row is an isomorphism by [12, Section 7]. Both q∗(c∗[M]) and q∗(φ∗(c∗[M])) map to s′′M , hence q∗(c∗[M]) =
q∗(φ∗(c∗[M])). Now, by [12, Lemma 8] we can ﬁnd φ′ , a self-homotopy equivalence of B such that g ◦ φ′ = g and
(φ′ ◦ φ)∗
(
c∗[M]
)≡ c∗[M] mod Γ (Z)⊗Λ Z.
Note that φ′ preserves the intersection form and since
g∗
(
c∗[M]
)= g∗(φ∗(c∗[M]))= g∗((φ′ ◦ φ)∗(c∗[M])) in H4(B(Z)),
we have
(φ′ ◦ φ)∗
(
c∗[M]
)= c∗[M] in H4(B(Z)).
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equivalence also by φ. Note that φ ∈ Isom[π,π2, c∗[M]]. Also recall that we have the following short exact sequence by
Lemma 3.7
0 H1(M;Z/2) Isom〈w2〉[π,π2, c∗[M]] jˆ Isom[π,π2, c∗[M]] 1.
Choose fˆ ∈ Isom〈w2〉[π,π2, c∗[M]] such that jˆ( fˆ ) = φ. There exists (W , F̂ ) ∈ H˜(M,w2) which maps to fˆ , i.e.,
F̂ :W → B〈w2〉 and F |∂2W = fˆ . Comparison of C.T.C. Wall’s surgery program with M. Kreck’s modiﬁed surgery program
gives a commutative diagram of exact sequences (see [15, Lemma 4.1])
L˜6(Z[π1]) L˜6(Z[π1])
S(M × I, ∂) H(M) Aut•(M)
T (M × I, ∂) H˜(M,w2) Isom[π,π2, c∗[M],w2]
L5(Z[π1]) L5(Z[π1])
The group H(M) consists of oriented h-cobordisms W 5 from M to M , under the equivalence relation induced by h-
cobordism relative to the boundary. The group structure on T (M× I, ∂) is deﬁned as for H˜(M,w2). The map T (M× I, ∂) →
H˜(M,w2) takes F : (W , ∂W ) → (M × I, ∂) to (W , F̂ ) ∈ H˜(M,w2), where F̂ = p̂1 ◦ F . Let σ5 ∈ L5(Z[π1]) be the image
of (W , F̂ ), the map T (M × I, ∂) → L5(Z[π1]) is onto [11, Lemma 6.9] (which is not true for smooth manifolds). Let
(W ′, F ′) ∈ T (M × I, ∂) map to σ5 and let (W ′, F̂ ′) ∈ H˜(M,w2) be the image of (W ′, F ′). Consider the difference of these
elements in H˜(M,w2),
(W ′′, F̂ ′′) := (W ′, F̂ ′) • (−W , fˆ −1 • F̂ ) ∈ H˜(M,w2).
The element (W ′′, F̂ ′′) ∈ H˜(M,w2) maps to 0 ∈ L5(Z[π1]). By the exactness of the right-hand vertical sequence there exists
an h-cobordism T of M which maps to (W ′′, F̂ ′′). Let f denote the induced homotopy self-equivalence of M . By construction
we have c ◦ f  φ ◦ c where c ◦ f = j ◦ fˆ . Note that π2(ζ−1 ◦ f ) = ψ ⊕ id and also ζ−1 ◦ f gives us a self-equivalence of M3/2.
Recall that we may view M3/2 ≈ M1m(S2 × S2). The classes of {∗} × S2’s are the belt spheres of lower 2-handles. If
we look at M3/2, from upwards, i.e., M3/2 ≈ M1m(S2 × S2), then the classes of S2 × {∗}’s are the attaching spheres of
upper 3-handles. Note that ζ−1 ◦ f sends {∗} × S2 onto S2 × {∗}, so the attaching sphere of each 3-handle has algebraic
intersection +1 with the belt sphere of the corresponding 2-handle. Now, if we put the s-cobordism T in between two
halves of V , then the 3-handles from the upper half cancel the 2-handles from the lower half. 
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